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Abstract— Li-ion batteries require advanced Battery Man-
agement Systems (BMSs). The estimation of the cells internal
quantities (residual energy, temperature, ions concentrations) is
paramount for the correct and safe operation of Li-ion batteries.
Accurate estimation of these quantities is however a challenging
task. This work addresses the internal state estimation of a Li-
ion cell applying the Unscented Kalman Filter (UKF) approach
to the complete P2D model. The use of the complete P2D
model allows for the estimation of the spatial distribution of
Li-ions concentrations, along with the estimate of the bulk
State of Charge (SoC). The paper illustrates how the UKF
can address the two main issues involved in using the P2D
model in estimation: weak observability and computational
load. The observability issue is addressed imposing a soft
mass conservation constraint in the UFK particles computation,
while a parallelized implementation softens the computational
burden. Extensive simulations validates the approach with
currents up to 50C.

I. INTRODUCTION

Lithium ions (Li-ion) batteries are nowadays the most
widely spread technology for electric mobility and consumer
electronics. They store and deliver electric energy efficiently,
but because of their chemically unstable nature they need
particularly advanced Battery Management Systems (BMSs)
which measure, estimate, monitor and control the sate of the
battery pack.

Because of inaccuracies in the estimation, the current BMS
design approach is often conservative; the BMS does not
exploit the full potential of the battery. The key factors in
operating a Li-ion cell are essentially the need for accurate
modeling, parameters identification and state estimation.

A Li-ion cell is mainly composed of a negative and
positive electrode, and a separator [1]. The electrodes have
a lattice structure, in which active material (i.e. lithium) is
stored, and are immersed in an (usually liquid) electrolyte.
The separator is an electrical insulator which allows only
the Li-ions to flow through it. During discharge, lithium
diffuses to the surface of active material particles of the
negative electrode and it undergoes the electron-generating
reaction. Then, Li-ions, dissolved in the electrolyte, cross the
separator, while electrons are conducted by the solid lattice
to the current collector. Finally, both Li-ions and electrons
reach the positive electrode and are reabsorbed in the active
material particles. This process is called dual-intercalation

[2].
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Li-ion cells models can be of various complexity, as shown
in [3], starting from electroequivalent circuits, to advanced
Computational Fluid Dynamics (CFD) models, that are ex-
tremely accurate, but at the price of high computational cost.
In the aforementioned work, it was also shown how standard
battery operations could be improved if limitations were
applied to reactions overpotentials instead of just on terminal
voltage (as done in current practice). This improvement can
only be achieved if a sufficiently accurate model is selected,
with insight on the electrochemical reactions taking place
inside the cell. In particular, internal lithium concentration
gradients represent a crucial information if one wants to
effectively avoid reaching locally critical depletion levels
[4]. The first-principle Pseudo 2-Dimensional (P2D) model
originally formulated in [5], and later adopted in works
such as [6], [7] and [2], is widely recognized as a valu-
able trade-off between modeling detail and computational
cost. The P2D model, relying on Partial Differential Alge-
braic Equations (PDAEs), poses some limitation in terms
of computational demands and observer formulation. The
literature offers several methods to find approximated and/or
reduced-order solutions [8]. For example, the Single Particle
Model (SPM) [9] assumes each electrode as composed by
a single spherical particle, thus neglecting the electrolyte
dynamics. This model does not encompass concentrations
gradients in longitudinal direction; as a consequence, it
is accurate for low currents only. Another approach is to
simplify the diffusion dynamics in the spherical particles
radial direction. For example, [10] forces an assumption of
parabolic or polynomial concentrations distribution in active
material particles. Integral expressions for the response of
reaction molar flux for short times and long times were,
instead, introduced by [5]. Furthermore, [7] proposed a
solid phase diffusion impedance model, and applied Finite
Elements Method (FEM) on electrolyte phase. The present
work employs a Finite Difference Method (FDM) space-
discretization technique for the PDAEs as it allows for easy
order rescaling and maintains the physical meaning of all the
variables and parameters.

State estimation techniques reflect the complexity and ac-
curacy of the models they employ. One of the most successful
and well investigated approach employs the SPM [11]. Other
works employ the P2D model by proposing different types
of order reduction: [4] estimates the instantaneous available
current; [12] estimates the bulk SoC using an Extended
Kalman Filter (EKF) on a linearized version of the P2D
model; [13] extends the estimation to the Li-ion concentra-
tions using a Kalman Filter based on orthogonal collocation.



The nonlinear nature of the cell dynamics may be better
suited for nonlinear filtering techniques: [14] investigates the
use of Unscented Kalman Filter (UKF) for SoC estimation
in an simple electroequivalent model, while [15] applies it
to a volume-averaged electrochemical model. The previous
results prove that the UKF approach [16] is an interesting
tool to account for the cell nonlinear dynamics. The present
work further extends the application of the UKF to the com-
plete (i.e. not simplified) electrochemical P2D model. This
not only enables the accurate estimation of bulk quantities,
such as SoC, but also exploits the capability of the P2D
model to estimate local concentration values in any point of
the cell. The UKF approach has mainly three advantages:
1) it does not require a closed-form representation of the
dynamics; this makes it very useful to avoid analytically
solving the algebraic constraints, 2) it can be easily modified
to account for soft-constraints that, as illustrated, improve
the model observability, and 3) it is amenable to parallel
implementation.

This paper is structured as follows. In Section II, the
P2D model is recalled and space-discretized. In Section
III, the main problems arising from applying the classical
UKF to the P2D model are first introduced, then solved
by implementing the concept of soft-constrained UKF; also,
the results of UKF parallel implementation are shown. The
new approach is fully validated in simulation in Section IV.
Finally, conclusions are drawn in Section V.

II. ELECTROCHEMICAL MODEL

The P2D model is widely accepted in literature [5], [7],
[13]. In the P2D model, a set of PDAEs describes the
dual-intercalation process. Only the diffusion dynamics that
take place across the battery film thickness, indicated as
longitudinal direction x, and the diffusion dynamics inside
the spherical particles, along the radial direction r, are
considered. Table I summarizes the conservation equations:
the left column shows the original PDAEs; the right column
presents the result of the proposed discretization. ¢, is the
concentration of lithium in solid phase; ¢, is the concen-
tration of Li-ions in electrolyte phase; iy is the electronic
current in solid phase; i, is the ionic current in electrolyte
phase; ¢ is the potential of solid phase; ¢, is the potential of
electrolyte phase. Dy is the solid phase diffusion coefficient;
F is the Faraday’s constant; ay is the specific interfacial area
of an electrode; Dﬁff is the effective diffusion coefficient; t?r
is the transference number of Li+ (assumed as a constant);
o/ is the effective conductivity; k/ is the effective ionic
conductivity, while ki’ is the effective diffusion conductiv-
ity. A few geometrical quantities are defined as well: A is
the electrode plate area; 5n’ p.s» are, respectively, the thickness
of the negative and positive electrodes and separator; L =
0, + 6, + O is the overall film thickness.

The molar flux j at the surface of active material particles
is described by the Butler-Volmer kinetics equation:
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where oy . are, respectively, the anodic and cathodic transfer
coefficients; R is the universal gas constant; T is the lumped
cell temperature; jo is the exchange current density. The
reaction overpotential 1 is defined as:

n= ¢S - (Pe - U(Cse)

where the thermodynamic equilibrium potential U is evalu-
ated as a nonlinear function of the surface concentration c,
[6]. The gradients of i; and i, are functions of jL’,

(26)
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where Ry is the film resistance of the electrode surface. In
what follows, the cell parameters from [6] are considered.
The space-dicretization with FDM approach described in
[12] is applied to the P2D model, as depicted in Figure
1. The negative and positive electrodes and the separator
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Fig. 1. Discretization of Li-ion cell along the x and r directions.
are discretized along x with, respectively, N, ,; elements
and spacing Ax; ,,; each spherical active material particle is
further discretized along r with N, steps spaced Ar. Thus, the
electrochemical model is described by (N, +1) (N, +N,) + N
Ordinary Differential Equations (ODEs), plus 5(N, +N,) +
2N, — 3 non-linear algebraic constraints.

Given the above model, the stoichiometry 6; is defined
as the ratio between the local value of concentration c¢g and
its maximum value ¢ mqx [6]; and Oy is the stoichiometry
evaluated at an active material particle surface. SoC is de-
fined as the average stoichiometry in negative electrode [2],
normalized between two experimentally determined limits
[12]:



TABLE I

ELECTROCHEMICAL MODEL: CONSERVATION EQUATIONSl

Species: solid phase

(€]

. Dy Cs,(k,p+1) — Cs,(k,p)

C (k.p—1) — 2Cg + C (k.p
+(pAr)2< (kp=1) (k,p) L»(h[“))]

@

Ar?
dcs
a—c‘ =0 3) Cs,(k,1) — Cs,(k0) =0 (5)
T lr=0
. -Li
des —jLi @ (Cx(k,mm —Cs,(k,zvr>> _ "k 6
Rrr e & “ &r aF (
Species: electrolyte phase
dg.ce 0 dc -9 L eff ) 11—
ere 7 Dﬁ’ff ¢ I S 2 7 . _ P Cek—1 Cok + Cek+1 g
ot ox < ¢ Ix ) + F @ Cek = y Ax2 + F (®)
% =0 ©)
ax x=0 Ce,1 —Ce'():O (11)
CL’
=0 (10) Ce,Nu+Ns+Np+1 — Ce Ny+Ny+N, =0 12)
dx x=L
Charge: solid phase
i 29 - Pspr1— 9
— _geffZrs 13 S eff 5 k+1 s,k
i oS (13) isk =—0 (7&6 > (14)
2| _dn|  _, 5
0x |img, 9% li=g4s, s Ny = s Ny, = 0 a7
99 90 I i
_ooff 99| eff99s 4 1 o _1!
= - o = . "a (16) I50 = s Nyt Nk Np = (18)
Charge: Electrolyte Phase
. 09e opr 0 [0 -0 In(cops1) —In(cer)
L= 7keff Zre 7kl’ff —In(c, 1 . peff ek+1 ek \  geff ek+1 e,k
i e CY (19) foj = —kIT (R ) hg (e (20)
% =0 @1
2 =0 Pe —9e0 =0 23)
| =0 22) e Nt NstNp+1 = DNyt NN, = 0 (24)
dx x=L
be found in [16]. To summarize, the UKF is a model-based
3 o (R estimator for nonlinear dynamic systems, which presents sev-
— r“ 0 drdx | — 6509 .
&R3Jo Jo ’ eral advantages compared to other Kalman-based estimators
SoC = (31)  such as EKF. In fact, it does not require any numeric/analytic
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where 6; 9 is the limit stoichiometry at SoC = 0%, and
0;.100% is the limit stoichiometry at SoC = 100%. SoC is
synthetically representative for the amount of charge avail-

05.100% — 65,0%

able inside the cell.

ITII. SOFT-CONSTRAINED UNSCENTED KALMAN FILTER

The UKF belongs to the family of Sigma-Point Kalman
Filters (SPKFs). Details on UKF formulation and implemen-
tation, as well as considerations on theoretical aspects, can

'Boundary equations are marked with gray background.

ESTIMATOR

computation of Jacobians, it has a computational cost similar

to that of EKF, and, in turn, it is accurate to the third order
of statistical moments for Gaussian systems. Additionally,
its structure is inherently prone to parallel computing imple-

mentation. In the UKF algorithm, whose simplified flowchart

is presented in Figure 2, a weighted set of deterministically

sampled points (called sigma-points) is propagated by the

system nonlinear state equation and used to approximate the
Probability Density Function (PDF) of the state and of the
output. In the case with additive process and measurement

noises, these sigma-points are in the number of 2n, + 1,
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Fig. 2. UKF algorithm simplified flowchart.

where n, is the dimension of the state vector; in the present
work, the state vector is composed of all discretized elements
of ¢; and ¢, so ny = (N, +1)(N, +N,) + Ny, as recalled
above. The initial dispersion of these points is ruled by the
covariance matrix Py of the initial state estimate, which is
a tuning parameter. The covariance matrix Q of the process
disturbance and the covariance matrix R of the measurement
noise are also important tuning parameters. Minor UKF
tuning parameters description can be found elsewhere [14].

A. Weak observability of P2D model

The model presented in Section II suffers from poor ob-
servability of the concentration in the core of active material
particles from the output voltage, as already pointed out in
[11] for SPM. The weak observability of the P2D model is
confirmed by applying the classical UKF approach to the
discretized P2D model with N, =5 and N, = Ny = N, = 3,
using current as an input and voltage as a measured output.
Figure 3 plots the estimated SoC during a current pulses
cycle. In the simulation, the UKF is initialized with 20%
SoC error. The figure shows that the filter does not converge.
Figure 4 provides an explanation of the problem; it plots the
actual and estimated number of moles of lithium available in
the solid phase ng. This is defined as the integral of ¢ in the
whole cell volume, i.e. both along r and along x, weighted
by the solid phase volume fraction &;. The results proves that
the sigma-point propagation mechanism does not guarantee
the conservation of lithium.

To overcome the above limitation, one can modify the
input-output structure of the UKF to account for the con-
servation of lithium. One could either follow a hard con-
straint approach, adding additional constraints in the sigma
point computation that could however negatively affect the
unscented distribution; or a soft constraint approach. The
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Fig. 3. Observability problem in electrochemical model: application of
UKEF for SoC estimation (top: input current; bottom: simulated and estimated
SoC).
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Fig. 4. Observability problem in electrochemical model: conservation of

total lithium mass in solid phase, during the simulation of Figure 3.

idea of the soft constraint approach is to modify the input-
output structure of the model and add a virfual measurement,
namely the total number of moles of lithium available in
solid phase n; (constant signal). In the UKF tuning, its
additive measurement noise is set to have a very small
variance compared to that of V. In this way, conservation
of ng is enforced as a soft-constraint in the estimator, and
electrochemical model observability is effectively enhanced.

B. Implementation with parallel computing

The sigma-points are propagated through the nonlinear
state equation independently from each other; this structure
is thus amenable to parallel computing. As such, the time-
update step can be optimized by distributing its computa-
tional cost on multiple cores, and the time required for this
step is ultimately significantly reduced.

This advantage is quantitatively illustrated by the follow-
ing computational cost analysis. Figure 5 plots the ratio
between the simulation time required by the sequential
and parallel implementation to run the estimator on the
experiment shown in Figure 3, as a function of N, with
N, = Ny = N, = 3. Simulations were run in MathWorks
MATLAB, with Parallel Computing Toolbox, on a quad-
core machine (2.4GHz) with 12GB RAM and solid-state
drive. From the figure, it can be concluded that the parallel
implementation speeds up the estimation of a factor between
1.5 to 3 times. Note that a reduction of 4 times on a quad-
core machine is not possible in practice, since the Parallel
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Fig. 5. Ratio between simulation time required by sequential and parallel
computing implementation of UKF estimator, for different discretization
levels N;.

Computing Toolbox introduces some computing overhead to
manage the information exchange among multiple solvers.

IV. VALIDATION

This section validates the soft-constrained UKF presented
in the previous sections. The filter is tested with noisy voltage
measurements and the following tuningzz

e No=5and N, =N, =N, =3.

o The covariance matrix Py is a diagonal matrix, with

elements on the main diagonal equal to p.s = 107 and
Pee = 10710.
ce £
o The covariance matrix Q is a diagonal matrix, with
elements on the main diagonal equal to g.; = 107! and
Gee = 10712.
ce 9
e The covariance matrix R is a diagonal matrix, with
elements on the main diagonal equal to ry = 1073 and
—_10-9
Fps = 1077,
Two scenarios are considered (both with voltage measure-
ment noise):

1) a sequence of positive current pulses of 10s at 10C,
starting from a fully charged cell;

2) amore dynamic test, consisting in a repeating sequence
of current pulses of increasing amplitude (as high as
50C or 300A) as shown in Figure 6, starting from a
fully charged cell.
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Fig. 6. Current input profile used to validate UKF: sequence of pulses at
increasing amplitude (5C-10C-20C-50C in discharge).

Figure 7 and Figure 8 plot the convergence of the filter in
the first test for different initial guesses of the SoC. The
figure plots the bulk SoC estimate and its absolute error
&soc in percentage. The figure confirms that, even if the
initialization error is very large and in the presence of a noisy
voltage signal, the estimator is able to recover and finally

2The tuning procedure, based on the optimization of the convergence rate
and measurement noise rejection, is not described for lack of space.
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Fig. 7. Bulk SoC estimation results for the first scenario for several values
of SOCO,UKF~
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Fig. 8. Zoom on bottom sub-plot of Figure 7: for all values of SoCo yxr,
the estimator converges on the true SoC value.

converge to the true value of SoC. Note that, in the case with
SoCo.yxr = 100%, €s,c keeps small for the entire duration of
the test. More interestingly, Figures 9 and 10 plot the results
of the estimation of lithium concentrations distributions. The
former shows the convergence over different time snapshots
of the estimation of surface stoichiometry for all spherical
particles along x. The latter figure shows the estimate of the
concentration along the radial direction. In both cases, the
UKEF estimate accuratelv describes the eradients.

075F b ‘ ]

= = 'simulated 0———e—0

—©—estimated| - . _ _ _ _
07 t=0s ——e—o |
0.65 7
t=20s
0.6 7
2055 t=120s ]
5}

051 7
04510 o o o i i _______ 1
i Jig'os‘e‘-\o |
0.35E ! L L : 5
0 0.2 0.4 0.6 0.8 1

/L[]

Fig. 9. Surface stoichiometry distribution along x direction, at different time
instants for the first scenario. Vertical dotted lines indicate the separation
among domains: negative electrode (left), separator (center) and positive
electrode (right).
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Fig. 10. Stoichiometry distribution along r direction of the spherical particle
at x = L, at different time instants for the first scenario.

Figures 11-14 plot the results in the second scenario,
following the same representation.
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Fig. 11. Validation results for current input profile shown in Figure 6, with
several values of SoCo ykr.

10

8- SOC, e = 100% SOC, e = 70% | 1

T 6 SOC, s = 90% S04 e = 60% | |

Q4 S0C, s = 80% S0 = 50% | |

UU)

2

0 2

s s s s s
0 200 400 600 800 1000 1200

time [s]

Fig. 12. Zoom on bottom sub-plot of Figure 11: for all values of SoCo ykr,
the estimator converges on the true SoC value.

Also under this more demanding input, the estimator is
able to estimate both the bulk SoC and the concentration
gradients. As before, the convergence time of the bulk SoC
estimation is larger when initialization error is larger, and
in the case with SoCyyxr = 100%, €s,c keeps small for
the entire duration of the test, also when very low SoC

are reached. Note that in these conditions, estimating the
gradients is more important as greater internal differences
are triggered by the higher currents.
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Fig. 13. Surface stoichiometry distribution along x direction, at different

time instants for current input profile shown in Figure 6. Vertical dotted lines
indicate the separation among domains: negative electrode (left), separator
(center) and positive electrode (right).
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Fig. 14. Stoichiometry distribution along r direction of the spherical particle
at x = L, at different time instants for current input profile shown in Figure
6.

V. CONCLUSIONS

The present work applies an UKF estimator to the com-
plete electrochemical P2D model. In particular, a soft-
constrained UKF allows for an accurate estimate of both
bulk quantities and local gradients, overcoming the weak
observability issue of the P2D model. Moreover, the esti-
mator is implemented in a parallel computing environment,
that enables to significantly reduce its computational load.

Future work includes experimental model parameters iden-
tification and validation of the proposed UKF estimator.
Also, exploitation of the proposed approach in a real-world
control or diagnosis application is a promising perspective.
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